In this paper we seek for inner product dependent strictly positive definite kernels on subsets of C. We present separated necessary and sufficient conditions in order that a positive definite kernel on C be strictly positive definite. One emphasis is on strictly positive definite kernels on the unit circle. Since positive definite kernels on the circle were already characterized in [1], the study in this case reduces to the determination of what kind of positive definite kernels are indeed strictly positive definite. For other subsets, we begin with a quite general positive definite kernel on the whole C and find conditions in order that it is strictly positive definite on the subset. For some classes of subsets, the results are final.
INTRODUCTION
Recently, positive definite kernels on spheres and similar manifolds have been employed in a variety of problems by many researchers (see [2, 4, 14] and references therein). Large families of positive definite kernels have been found to be very useful in the construction of the so-called spherical radial-basis function interpolants. In particular, if S is either the 
whenever n is a positive integer, {z 1 , z 2 , . . . , z n } ⊂ S, and {c 1 , c 2 , . . . , c n } ⊂ C, the resulting interpolation matrix (f (z µ · z ν )) is already nonnegative definite. Its invertibility, i.e., its positive definiteness, will depend on f and on the interpolation points.
The main issue in this paper is to search for a characterization of the continuous strictly positive definite kernels on S. A positive definite kernel (z, w) ∈ S × S → f (z · w) is strictly positive definite of order n (n ≥ 1) if the quadratic form (1.2) is positive whenever the z µ are different from each other and at least one of the c µ is nonzero. A strictly positive definite of all orders is termed strictly positive definite on S. In particular, a strictly positive definite kernel produces a positive definite interpolation matrix for all choices of the interpolation points. The above definitions can be naturally extended to other subsets of C as the reader can easily verify himself.
According to Theorem 3.1 in [11] , a continuous kernel (z, w) ∈ Ω 2 × Ω 2 → f (z · w) is positive definite if and only if f is representable in the form
If (z, w) ∈ S 1 × S 1 → g(z · w) is positive definite, the function g must satisfy (see [6, 16, 17] ) Since the above series defines an even function of θ, b k (g) = b −k (g), k ∈ Z. Thus, we infer that g is a real function having the form
in which T is the Tchebyshev polynomial (of first kind) of degree k. This characterization matches that of Schoenberg in [17] . To the best of our knowledge, there is no complete characterization of positive definite kernels on other relevant subsets of C in the sense defined here. For a positive definite kernel (z, w) ∈ Ω 2 ×Ω 2 → f (z·w) and n distinct points
Due to the nonnegative definiteness of the matrices
for some k ∈ K(f ). Thus, the strict positive definiteness of order n of the kernel depends upon the set K(f ) only and not on the actual values of the coefficients a k (f ). This remark opens space for the following additional definition: a subset K of Z induces strict positive definiteness (SPD) of order n on Ω 2 , if every positive definite kernel (z, w) ∈ Ω 2 × Ω 2 → f (z · w) for which K(f ) = K, is strictly positive definite of order n on Ω 2 . The above remarks and definitions apply to S 1 as well (see [16] for details). SPD on Ω 2 has not been investigated yet while many results on SPD on S 1 can be found in [6, 8, 16, 18] . To this day, no easy to check characterization of SPD on S 1 was found, but SPD of order 2 (see [10] ). A complete characterization for strict positive definiteness on spheres of R m , m ≥ 3 and C q , q ≥ 3, were given in [2] and [12] respectively. Characterizations for strict positive definiteness on the unit sphere of a real or complex Hilbert space can be found in [9] and [12] .
In this paper, we study strict positive definiteness on Ω 2 and more generally on subsets of C. For subsets of Ω 2 , we begin with a kernel f as in (1.3) and find conditions on K(f ) so that it is strict positive definite on the subset. Since the positive definite kernels on other relevant subsets of C are not characterized yet, the procedure we adopt in the other cases is slightly different. If the kernel (z, w) ∈ C × C → f (z · w) is positive definite then Corollary 4.7 in [1] reveals that f must have the form 10) where the series converges for all z ∈ C. Thus, given a function f as above and a subset B of C, we will seek for conditions in order that (z, w) ∈ B × B → f (z · w) be strictly positive definite. The strictly positive definite kernels having this form comprehend a large family of kernels. This paper is organized as follows. In Section 2, we compare SPD on Ω 2 with SPD on S 1 . In Section 3, we present some separated necessary and sufficient conditions for the induction of SPD on Ω 2 . In Section 4, we present conditions on a function f as in (1.10) that ensure the strict positive definiteness of the kernel (z, w) ∈ B × B → f (z · w). For two different classes of sets, we present conditions which turn out be necessary and sufficient.
2. Strict positive definiteness on Ω 2 and on S 1 SPD on the circle was introduced and first studied in [6, 18] , considering the circle as a subset of R 2 . Later, SPD was considered in [8] and [16] , where separated necessary and sufficient conditions for the induction of SPD on S 1 were given. An easy to check and complete characterization was never found. Our aim in this section is to explore the relationship between the concepts of SPD on Ω 2 and on S 1 . We refer the reader to [6, 8, 18 ,10] for acquaintance with SPD on S 1 . The results in this section will confirm that to identify sets that induce SPD on Ω 2 is more complicated than to identify sets that induce SPD on S 1 . It will be shown here that SPD on S 1 corresponds to SPD on Ω 2 of sets that are symmetric with respect to 0.
An alternative formulation for SPD on Ω 2 is presented in Lemma 2.1 below. Hereafter, the inner product of C will be denoted trough its standard notation. 
2)
The rest follows.
A similar result for SPD on S 1 can be found in [16] . It uses subsets of Z + and requires real coefficients in (ii). 
then, the symmetric nature of K allows us to conclude that
In particular,
If K induces SPD of order n on S 1 , the above relations yield 
To see that the converse of Corollary 2.3 is not true in general consider the set K = {−1, 0, 1, 2}. Being of cardinality 4, it does not induce SPD of order 5 on Ω 2 (see Corollary 3.5 in Section 3 ahead). However, {|k| : k ∈ K} = {0, 1, 2} induces SPD of order 5 on S 1 by Theorem 1 in [15] .
Strict positive definiteness on Ω 2
In this section, we study SPD on Ω 2 and its subsets. Our results include separated necessary and sufficient conditions for the induction of SPD on Ω 2 . Some of them come from ideas present in the study of SPD on S 1 while others are genuinely of complex nature. Unfortunately, all the conditions do not complete characterize SPD on Ω 2 .
Our first important result establishes the invariance of SPD on Ω 2 by integer translations. The reader is advised that a similar invariance property does not hold for SPD on S 1 because translation invariance does not preserve symmetry (see Corollary 2.3).
Theorem 3.1 Let K be a subset of Z, n a positive integer and l an integer. These properties are equivalent:
Applying Lemma 2.1 once again, we conclude that
Likewise, a reflection with respect to 0 does not alter the SPD of the set.
Next, we identify sets that induce SPD of order 2 on Ω 2 . The result indicates how complicated can be to exhibit an easy to check condition characterizing SPD of order n ≥ 3 on Ω 2 and S 1 . Proof. The proof is an adaptation of arguments already used in [7, 10, 13] . Invoking the definition of SPD of order 2 it is readily seen that K induces SPD of order 2 on Ω 2 if and only if 5) that is, to the requirement that the system 6) have no solution in Ω 2 \ {1}. This last assertion is equivalent to {k − l : k, l ∈ K} having a relatively prime subset.
Theorem 3.4 below contains a necessary condition for the induction of SPD on Ω 2 . The proof is included for completeness once similar arguments were already used in the proof of Theorem 3.1 in [13] . An alternative proof can be elaborated via arguments used in the proof of Lemma 12 in [6] .
Theorem 3.4 Let K be a subset of Z and n a positive integer. In order that K induce SPD of order n on Ω 2 it is necessary that it have a nonempty intersection with the arithmetic progressions
Proof. We assume that K induces SPD of order n on Ω 2 and that K ∩ (nZ + j) = ∅, for some j in the set {0, 1, . . . , n − 1} and reach a contradiction. The complex numbers
in contradiction with Lemma 2.1.
Below, we use Theorem 3.4 to further illustrate the translation invariance phenomenon explained in Theorem 3.1. We show that {0, 1} is the only set of cardinality 2 that induces SPD of order 3 on S 1 . Due to Theorem 3.4, the sets {−2, 0, 2}, {−3, 0, 3}, and {−2, −1, 1, 2} do not induce SPD of order 3 on Ω 2 . Thus, {0, 2}, {0, 3} and {1, 2} do not induce SPD of order 3 on S 1 . To see that a set K of the form {α, β}, α + β ≥ 4, does not induce SPD of order 3 on S 1 , consider f (t) := T α (t) + T β (t) and the points
on S 1 . These points are obviously different from each other and
The determinant of the above matrix is
Since cos jαθ = cos jβθ, j = 1, 2, the expression inside brackets vanishes. Therefore, the matrix is singular. 
Proof. Suppose that K induces SPD on Ω 2 . Due to Theorem 3.4, K has a nonempty intersection with every set listed in (3.12). Next, we assume that K ∩ (nZ + j) is finite for some n ≥ 1 and some j < n and reach a contradiction. Let k 1 , k 2 , . . . , k l be the elements of K ∩ (nZ + j) and define m := max{|k µ | : µ = 1, 2, . . . , l}. If m > 0, pick an integer k = 4nmp + 2nm + j in K ∩ (4nmZ + 2nm + j). In particular, k belongs to K ∩ (nZ + j).
In both cases, we have a contradiction to the definition of m. If m = 0, we pick an integer k = 4n
Once again, we have a contradiction to the definition of m.
A more intricate proof of Theorem 3.6 can be elaborated on by mimicking the proof of Corollary 5.2 in [16] . If the reader is asking himself about how far the condition given in Theorem 3.6 is from being sufficient for the induction of SPD on Ω 2 , our guess is that either it is not sharp enough or an additional necessary condition is needed. Our next theorems may help the reader to form his own conclusion on that. The first one, is another result that can be adapted from Lemma 12 in [6] . The hypothesis on the θ µ allows us to reduce (3.14) to Since the matrix of this system is Vandermonde-like associated to the distinct points exp(iθ µ ), µ = 1, 2, . . . , m, all the scalars c µ must be zero.
In the next results, we use the following equivalence relation on [0, 2π): Once again, the matrix of the system being Vandermonde-like associated to distinct points, we conclude that all the c µ must be zero. 
with the q µ pairwise distinct. The functional L takes the form
Obviously, L(z) = 0 if and only if L 1 (z) = 0. Since the q µ are rational, there is a positive integer l ≥ m such that
Next, we assume that the θ µ 's generate at least two different equivalence classes. After re-ordering the θ µ 's if necessary, we can write is Vandermonde-like associated to distinct points. Thus, all the c ν,s vanish and L = 0.
The preliminary version of Theorem 3.9 we had proved carried the following pair of hypotheses on K:
(ii) K contains arbitrarily long arithmetic progressions.
The proof had a flaw which was unnoticed for a long period of time. We do not know whether these two hypotheses are sufficient to guarantee the SPD of K on Ω 2 . We observe that the above conditions are certainly independent of each other. Indeed, 2Z is an example of set satisfying Condition (ii) but not (i). As for an example in the other way direction one may proceed like this: let A 1 , A 2 , . . . be an enumeration of the family of sets {nZ + j : n = 1, 2, . . . ; j = 0, 1, . . . , n − 1}.
(3.26)
Inductively, pick k µ ∈ A µ so that k µ > 2k µ−1 for every µ. Then the set K = {k 1 , k 2 , . . .} satisfies Condition (ii) and contains no arithmetic progression of length 3. Next, we address an apparently different sufficient condition for the induction of SPD of on Ω 2 . An argument similar to the one used in the proof of Theorem 3.11 was used in [8] . 
Strict positive definiteness on subsets of C
In this section we study strictly positive definite kernels on other subsets of C. Here, we lack of a characterization of the positive definite kernels on the subset. Even in the case in which the subset is the whole C, a characterization is not available yet. Given a subset B of C, the idea is them to consider kernels of the form
in which all coefficients a k,l (f ) are nonnegative and the series is convergent for all z in the image of the kernel (z, w) ∈ B × B → z w and to search for conditions in order that the kernel (z, w) ∈ B × B → f (z w) be strictly positive definite. A similar problem in the real context was proposed and solved by Pinkus in [15] . The case B = Ω 2 will be not considered here because the analysis reduces to that of Section 2. Indeed, given f as in (4.1) with a convergent series when z ∈ Ω 2 , it is very easy to see that (z, w) ∈ Ω 2 × Ω 2 → f (z w) is strictly positive definite if and only if {k − l : a k,l (f ) > 0} induces SPD on Ω 2 .
We observe that some of the results we present in this section can be put in a more general context. Indeed, it suffices to consider absolutely convergent series of the form
Here, {ϕ k,l } is a complex polynomial of degree k in the variable z ∈ C and of degree l in z, fulfilling one or both conditions below:
(i) ϕ k,l is even when k + l is even and it is odd otherwise; (ii) For each pair (k, l), the kernel (z, w) ∈ B × B → ϕ k,l (z w) is well-defined and positive definite.
We begin with the following elementary, but important, lemma. We call a subset B of C symmetric whenever it is symmetric with respect to the origin of C. For a subset K of Z + × Z + we write
and
In particular, for a function as in (4.1), we write
The proof of our next result requires two elementary results on special matrices. We quote them below without proof but refer the reader to [5, p. 407] and [5, p. 458] . The first one is this: If G is the Gram matrix of a subset {z 1 , z 2 , . . . , z k } of C q then the rank of G is the maximum number of independent vectors in the set. The second one is this: If A 1 and A 2 are nonnegative definite matrices of same size then the Schur product A 1 • A 2 of A 1 and A 2 has rank at most (rank A 1 )(rank A 2 ). The symbol |K| will stand for the cardinality of the set K.
Lemma 4.2 Let f be as in (4.1). If K(f ) is finite and B is a subset of C with more than
Proof. Let z 1 , z 2 , . . . , z n be distinct points in B where n > |K(f )|. The Gram matrix (z µ z ν ) has rank at most 1. Hence, the same is true of the Schur product with µν-entry
The lemma follows. 
(4.5) Thus, A is singular because its rank is at most n. 
so that
The proof of Lemma 4.2 implies that the rank of A o is less than n − 1. Lemma 4.3 reveals that the rank of A e is at most n. Thus, A has rank at most 2n − 1. If K e (f ) is finite, a similar argument can be used to reach the same conclusion. 
Hence, there is an N > 0 such that
Looking at (4.10), we conclude that
Due to our hypothesis on the z µ , the sum in (4.13) reduces to either 14) or We show that if K e (f ) and K o (f ) are infinite, the condition Q = 0 implies c µ = 0, µ = 1, 2, . . . , n. To do that, we first observe that
Under the hypothesis of the theorem, Lemma 4.5 is applicable. It follows that all the c µ are zero.
Recalling Lemma 4.1, we have the following version of the previous theorem. 
If c µ = 0, µ = 1, the second summand above is positive. Otherwise, the first one is positive due to the previous theorem. In any case, Q > 0.
¿From now on, we will try to establish a similar theorem for sets B intersecting circles in more than 2 points. We begin with a generalization of Lemma 4.5. We use the following equivalence relation on a finite subset B of C: We now repeat the argument to the next z ∈ B of maximum modulus, after eliminating the elements of w from the sum in (4.26). After finitely many steps, we conclude that all the c z are zero.
